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Abstract

An explicit finite element method for Biot dynamic formulation in fluid-saturated porous media is
proposed. The decoupling-technique is used in the explicit finite element method. It does not need to
assemble a global stiffness matrix and solve a set of linear equations in each time step, so the computational
effort and memory requirement can be reduced considerably by using this method. The method is applied
to analyze the dynamic response of a massless rigid foundation in a fluid-saturated porous medium. The
computational results are compared with those of the elastic solution in a single-phase medium for the same
problem, and it shows that if the frequency of the incident movement on rigid foundation is high (close
10 Hz), the dynamic response of the rigid foundation in fluid-saturated porous media is larger than that in
single-phase media.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

How to solve and analyze the dynamic response of an earth structure and a site in a two-phase
fluid saturated porous media is important in earthquake engineering and soil dynamics. Biot [1]
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developed the propagation theory of elastic waves in fluid-saturated porous media, Biot’s work
is a milestone that sets the foundation to solve and analyze the above-mentioned problems.
Complicated equations given in Biot dynamic theory can be solved by analytical methods
with some simple boundary conditions. Most dynamic problems in fluid-saturated porous
media are solved using numerical methods, especially using finite element methods. Zhao
et al. [2] presented a review of wave propagation theory in fluid-saturated porous media and
its numerical methods. Ghaboussi and Wilson [3], Zienkiewicz et al. [4], Prevost [5], Aubry [6]
and others have researched finite element methods applied to the dynamic problems in a
fluid-saturated porous media. If the finite element methods are used in the time domain, there is

a disadvantage in them, which require dividing time into time steps and solving a set of
linear equations within each time step. These methods are suitable when problems are with a
few degrees of freedom. For problems with a large number of degrees of freedom, the
computational effort and memory requirement will be increased enormously, so the application
of these methods to practical problems is limited. To overcome the disadvantage of these
methods, an explicit finite element method for Biot dynamic formulation in a fluid-
saturated porous media is proposed in this paper. Because the decoupling-technique is employed,
the kinetic movement of a node is only relative to its adjacent nodes. The excellent character-
istics of this method are that the global stiffness matrix does not need to be assembled and the
linear equations do not need to be solved, so the computational effort and memory requirement
can be reduced considerably. The method is combined with the local transmitting artificial
boundary that was proposed by Liao [7], and becomes a complete and effective method to solve
dynamic problems in a fluid-saturated porous media for plane strain problems (for two
dimension). The calculation results are shown that for a dynamic problem (two dimension) with
3000 time steps and 1600 nodes in a fluid-saturated porous medium, only 270s CPU time is
needed on a 200 MHz 586PC. Since the method is more efficient, it may have promising future in
practical applications.

2. Biot dynamic equations for saturated porous media
Biot dynamic equations for saturated porous media are

NV?u+ V[(4 + N)e + Qe = (py,ii + p1, U) + b — U),
V[Qe + Re] = (pyqii + py, U) — b(it — U), (1)

where u and U are the displacements of solid and liquid phase, respectively, e = Vu,e = VU, p;; =
PL+Pas P =P+ Pe Pr2=—p, and py=(1—n)pg; py=npsp, is the density of
solid mass, p, is the density of liquid mass, p, is the density of coupled-mass between
solid and liquid phase (p, is difficult to be measured). The coefficient b is relative to permea-
bility, b= {(n*/k; { represents the coefficient of fluid viscosity, n represents porosity,
and k represents the coefficient of permeability. N and A4 are similar to Lame constants u and
A in elastic theory. R and Q are obtained by experiments. Biot [1] presented all the above
parameters in detail.
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3. The formulae for the explicit finite element method

To formulate the problem, it is assumed that p, = 0 and two-dimensional plane strain elements
are used [4].

3.1. Representing Biot dynamic equations in matrix form

Biot dynamic equations for saturated porous media in the matrix form can be obtained
expressed as follows:

[LI"[DIILKu} + [LI'[DAILKUY = pyy i} + b({a} — {U}),

[LI'[D:[L){u} + [LI'[DSIILI U} = pypl U} — b({i} — (U}), 2)
where
r 0 0
o " {M}Z{W}' {U}={UX}.
A uy |’ u, |’
i 0y Ox
(A +2N A 0 0 0 0 R R O
[Di] = A A4+2N 0|; [DJ=|0Q O 0f; [DsJ=|R R O
0 0 N 0O 0 O 0 0 O

3.2. Expressions of finite element equations

Finite element discretization on the considering domain is performed. Displacements and forces
in the element ¢ for two phases are represented as follows:

{w)* =[N{u}; {U} = [N{U.}, )

{f}* = [Nife};  {F}* = [N{F.}. 4

In Egs. (3) and (4), [N] is the shape function of the element; {u.}, {U.} and {f.}, {F.} represent the
nodal displacements and the nodal forces of solid and liquid phases in the element e, respectively;
{u}’, {U}¢ and {f}°, {F}° represent the displacements and forces of solid and liquid phases inside the
element e, respectively. By making use of Galerkin method, we can get the finite element equations
of node 1 in a local element system

4 4

4 4 4
ZZMﬁ,uHZZC( U7 )+ 3 Kbyl + 22 K= Jr O
=1 j=1 =1

=1 j=1 =

=1 j=
4 4 L CI N A KO S S A
> MU _ZZCU<“1 —U_,->+ZZKLSUL!,- +>, D Ky Uf =) Fi- (6)

L=1 j=1 L=1 j=1 L=1 j=1 L=1 j=1 L=1
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In Egs. (5) and (6), L represents the influences of adjacent elements on node 1 and j represents the
influences of four nodes in the same element on node 1. Putting every node i equal to 1, we can
give any nodal equations and in this way we can get the total equations. In this method the
response of every node can be calculated individually. This method is similar to finite difference
methods for wave propagation, except those do not need to integrate a set of simultaneous
equations.

To simplify calculation, the following decoupling method is used. It is assumed that the
variance of inertia force in an element can be neglected. It is reasonable. For accuracy to simulate
wave motion problem, the size of an element must be much less than the wavelength, and the
variance of inertia force in the element is little. In this way the mass matrix is decoupling.
According to this assumption we can get the following equations:

4 4 4
Z Z MSLIJMJL = Z Z Msl/ M iy, ®)

L=1 j=1 L=1 j=1
4 . 4 4
ZZM U :ZZMLI/ =M, U, 9)
L=1 j=1 L=1 j=1
4 4 4 4
=2 2 Mip Mu=) 3 My (10)
L=1 j=1 L=1 j=1
wy= [ [owavaasar= [ [ pmamasazan, (i

mpy= [ [ pulVaN1axdy = / / P NN dé dn. (12)

Substituting Egs. (8) and (9) into (5) and (6), we can get

~

4

4 4 4 4 4
Main+32 32 Ch(af = U)) + 32 3 Kiyp + 32 3 Ky Up =30 /1 (9)
=1 =1 L=1 j=1

=1 j=1 =1 L=1

4 4 4 4 4 4 4
MLIUI_ZZCle(ujL_UjL)-i'ZZKle// ZZ LLIJU/L ZFIL (14)
=1 j=1 =1 j=1 =1

=1 j=1

Putting

1 1 1 1
L _ . . = : : : L .= 'T P .
ch= [ [ swapavay= [ [ vaiazan Kby, = [ [ s
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1 1 1 1
ki =&t = [ [ rwasicer &= [ [ Broaswdcan

i (T
flL:/FL[Nl]Tsdl", F{JI/ [Nl]{ }dl" TS:{TJ,}

In the above equations, B = LN, T, and Ty represent distributed external forces of solid phase
acting along the element boundary L in the x- and y-direction, respectively; p represents boundary
pore water pressure. From Eqgs. (13) and (14), it can be seen that C and K matrices are only
relative to adjacent element, so they are not affected by other elements. Egs. (13) and (14) are local
relative and decoupling equations.

3.3. Dynamic response expressions of internal nodes

When an infinite domain is dealt with by using finite element methods, artificial boundaries
have to be introduced, so the nodes in finite element grids can be divided into artificial boundary
nodes and internal nodes. In this section, the dynamic response expressions of any internal node
will be given. The dynamic response expressions of artificial boundary nodes can be represented
by the dynamic responses of internal nodes and input movement, which will be stated later (see
artificial boundary).

When the time step is p (time= pAt, At represents the time step), Eqs. (13) and (14) can be
represented as

4
Mslifl) +Z

L=1

Ksle] j + Z Z KsLl] Zf (15)

=~
=
N—
+
]~
]

h

1§
~.

Il

M;

c( r_

1 1

~.
Il

[M]=
MA

4 4 4 4
My UII) - Z Z < ]Ll’) + KLYI/ / Z Z LU Z FLP' (16)
L=1 j=1 L=1 j=1

When the time step is p + 1 (time = (p + 1)A¢), Egs. (13) and (14) can be represented as

4 4
Myt + Z Z ch(af - o) + ; g Lokt
4 4
+2 > KUt = Zf 7 (17)

L=1 j=1

4 4 4
~p+1 Lo+l Lp+1 Lp+1
MuU™ - Z H( +> > Kiawy
j=

L=1 j=1

4 4
+3 0 K, Ut = LZ:I Frt, (18)

I=1 j=1

~
Il

1 1

~.
Il
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By putting Eq. (17) + Eq. (15) and Eq. (18) + Eq. (16), we can get

Msl(ii’f“ +ﬁ,1;> +2“: 2“: cf,[( L 4 )_ (UIL,]?H_’_ Uij)}

L=1 j=1

+§4:ZKfs1j(uf”’“+uf”’)+§4:§43K (U s ufr) = 24:( ), a9)

L=1 j=1 L=1 j=1 L=1

~.

Mo (07 +00) =30 30 (i) — (05 + o))

=1 j=1

4 4 4 4
S Ky () £ 32030 Ky (U U ) = S0 (FPT A E) o)

1 j=1 I=1 j=1 =1

M*‘

+

h
Il

Through central difference method in time domain, we get the following equations:
Wi = ({e = {m)) 21
Wiy =55 (7 : (21)
ey 1 p+1 94 p—1
iy =gz ({mp -2y + {917)), @)
(Wi} = 2 ({W”“}—{W’?})—i{W’.’}. (23)
! A2 ! At
In Egs. 21)—(23), (W1}, {W?} and {W,.} represent the displacement, velocity and acceleration of
the node i at the time step g, respectively. Letting W = u, and U, substitute Eq. (23) into Egs. (13)

and (14), and put node 1 as node i. The displacement expressions of solid and liquid phase can be
given as

4 4 4
DI Wl e

4 4 4
+ Z Z Kip; U/'L’p - Z FiL’p}- (25)
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The assumption for Newmark constant average acceleration method is given as

() it} o)

2 - At ’

(26)

{wrt} = {W”}+A1{Wp}+ ae({wrth+ L), @7)
From Egs. (26) and (27), the following expression is deduced

Wit iy et - (v
oty ten_fer)oien

Substituting Egs. (26) and (28) into Egs. (19) and (20), and putting node 1 as node i. The velocity
expressions of solid and liquid phase can be deduced as

4

Lp+l _  Lp Lp+1 Lp
(s - ) - (077 - )]
Jj=

Lp+1 Lp
KW]( +u, )

Mh

! =a€-’—M;1{

~
Il

>

t

Mh

4
L=1

24: KALU( Ukrtl ULp> 24: <fl;,P+l +f,Lp>] } (29)

1 j=1 =1

|

1

T3
4 4 4
£33 (U ) - 3 (R
LLij i i

I=1 j=1 I—1

1

.
Il

—+

MA N|

~
Il

_

M“

el ) - (- )

J=1
} (30)

KSLU< Lp+1 +u )
From Eq. (26) the acceleration expressions of solid and liquid phase can be deduced as

it = u”+2<u1’+1 .)/At 31)

Ut = 0t - M

h
I

Az

M*‘

1

- p+1
Ul

o 2(U1’+1 — U”) /At (32)

Eqgs. (24), (25) and (29)—(32) consist of an explicit finite element solution to Eq. (1) of Biot
dynamic equations in a fluid-saturated porous media. This solution’s form is like an explicit finite
difference form.
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First, o/ 1 and Ut +1 (displacements in the time step p+ 1) in Egs. (24) and (25) can be
calculated by makmg use of the kinetic movement quantities in the time step p. Then up+ and
(Velocmes in the time step p + 1) in Egs. (29) and (30) can be calculated by makmg use gf
u? H and U”*" and other kinetic movement quantities in the time step p. At last i and U?
(accelerat10n§ in the step time p + 1) in Egs. (31) and (32) can be calculated by makmg use of uf ,
U? and i, UY, ™", UP*'. So by making use of Egs. (24), (25), (29)~(32), we can get dynamic
responses in the time step p + 1 from the last dynamic responses in the time step p.

4. Artificial boundary

There are three types of wave (Py, Py and S waves) in a fluid-saturated porous media according
to Biot dynamic theory [1]. Each type of wave propagates at an inherent velocity, i.e. for a specific
type of wave no matter it is solid or liquid phase, both of them propagate at the same velocity to
the same direction, but there is a fixed relationship between them. Based on the transmitting
artificial boundary theory [7], we postulate that the propagation of both solid and liquid phase
passes through artificial boundaries at the same velocity to the same direction. So we use
transmitting artificial boundary formulae to both solid and liquid phase separately, and in this
way the scattering wave fields of both solid and liquid phase along artificial boundary nodes can
be calculated. Transmitting artificial boundary is a decoupling artificial boundary, it is combined
with the above-mentioned decoupling explicit finite element to form a whole decouple method.

5. Comparing the explicit finite element results with analytical solution

To test the correctness and accuracy of the explicit finite element, an example is given to
compare this method and an analytical solution [8], and then the results of the two methods are
compared. The analytical method [8] is a one-dimensional method. But we will solve this problem
in two dimensions using the method developed in this paper. First, artificial boundaries are
introduced and finite element grids are discretized. The numerical model is shown in Fig. 1 (Fig. 1
is just a sketch map, not an exact map). The basic material properties are shown in Table 1.

The results, both the analytical method and the explicit finite element method developed in this
paper, are shown in Figs. 2 and 3. In Fig. 2, £ = x/(pkV.) is the horizontal coordinate; u and U
(the displacement factors) are vertical coordinates; t = t/(pk) is a time factor. Putting oy = 1, the
results of numerical solutions and analytical solutions at T = 50, 100, 150 are shown in Fig. 2. The
displacement factors of both solid and liquid phase on free surface are shown in Fig. 3. The figures
show that the numerical solutions are perfectly close to the analytical solutions, so the method
developed in this paper has a very high degree of calculating accuracy.

6. Dynamic response of a rigid foundation

In seismic site response analysis or seismic soil-structure interaction analysis, it is the most
common assumption that the soil is an elastic single-phase solid media. But when the soil deposit
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Fig. 1. The finite element model.
Table 1
Basic material properties
A (Pa) N (Pa) n p, (kg/m?)  p, (kg/m®)  p (kg/m?) QO (Pa) R (Pa) K (cm/s)
238x 10"  125x 107 0.333 3101 2977 3060 1.54 x10°  1.54 x 10°  0.00488

is saturated cohesionless soil, it is more practical to suppose the soil to be fluid-saturated porous
media, and to use Biot dynamic theory to deal with it. This theory is more advanced and can
represent solid—fluid interaction, so it can simulate practical situation more accurately.

The dynamic response analyses of a rigid foundation (no mass is supposed) on the top surface
of saturated cohesionless soil deposit are made by using the method developed in the paper and
the elastic single-phase finite element method [9]. The purpose is to compare what differences are
in dynamic results of those two methods. The model is a rigid foundation (its width is 40 m, its
length is infinite and no mass in it) on the surface of a two-dimensional saturated cohesionless half
infinite soil space, Fig. 4 gives a sketch map of discredited grids (not an exact one) for both
methods. All finite elements are same and square; the length of an element edge in both x- and y-
direction is Sm. The material properties of two media are shown in Tables 2 and 3. In Tables 2
and 3, we want to make the material properties of the elastic single-phase media closely similar to
those of the fluid-saturated porous media. There is an even-distributed sine load P acting on the
rigid foundation, P = oy sin(w?), where gp = —50 KN/m?,



1178 C. Zhao et al. | Journal of Sound and Vibration 282 (2005) 11691181

-200 -150
Analytical

-150 —o— Numerical

Analytical

—o— Numerical

-100
[3) o
= |2 -100 =|§
& ST 50
-50 0o
0 o066 0 - 4 40600
0 50 100 150 0 50 100 150
E=X(pkVy) E=XI(pkVy)
@ (b)

Fig. 2. Dynamic response at different time (1— =50, 2— =100, 3— =150). (a) Solid Phase, (b) fluid phase.
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Fig. 3. The displacement on free surface. (a) Solid phase, (b) fluid phase.

Using explicit finite element method developed in this paper to analyze the dynamic response of
the rigid foundation, the following assumptions should be satisfied to simplify the calculation:
Uy = tys = Uyp; uy =ty = 0.

Using the elastic single-phase finite element method [9] to analyze dynamic response of a rigid
foundation, the following assumptions should be satisfied to simplify the calculation:

(1) The vertical displacements on the interface between rigid foundation and the elastic half
infinite space are same.
(2) The horizontal displacements on the interface are supposed to be zero.

The displacement in an elastic single-phase media at the middle point of the interface between
the rigid foundation and soil, and the displacement of solid phase in saturated porous media at the
middle point of interface, are shown in Fig. 5. The load frequencies are f = 0.2, 1,2, and 10 Hz,
respectively. In Fig. 5, the horizontal coordinate is time, and vertical coordinate is the vertical
displacement at the middle point of the interface.
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Fig. 4. Element meshing of two models.
Table 2
Material properties of elastic single-phase media
p (kg/m?) 4 (Pa) 1t (Pa)
3060 8.33 x 10’ 1.25 x 107
Table 3
Material properties of fluid-saturated porous media
A (Pa) N (Pa) n py (kg/m®)  p, (kg/m®)  p (kg/m’) QO (Pa) R (Pa) K (cm/s)
238 x 107 1.25x 107 0333 3101 2977 3060 1.54 x 10° 154 x 10°  0.00488

Fig. 5 shows that there are some different dynamic responses at the foregoing conditions. While
incident load frequency is high (such as f = 10 Hz), the solid phase dynamic displacement in the
saturated porous media is larger than that in an elastic single-phase media. On the contrary, while
incident load frequency is low (such as f = 0.2 Hz), the solid phase dynamic displacement in
saturated porous media is smaller than that in an elastic single-phase media. The analysis shows
that, in the above-mentioned conditions, it is better to use the Biot dynamic theory method
developed in the paper to analyze dynamic response of saturated cohesionless soil for high-
frequency loading.
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Fig. 5. The vertical displacement of midpoint at rigid foundation (the thin curve indicates the solutions of two-phase
media; the thick curve indicates the solutions of elastic single-phase media). (a) f = 0.2Hz, (b) f = 1Hz, (¢) f = 2 Hz,
d) f = 10Hz.

The calculation results using the proposed method have shown that for this dynamic problem
(two dimension) with 3000 time steps and 1600 nodes in a fluid-saturated porous medium, only
270s CPU time is needed on a 200 MHz 586PC.
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7. Closing remark

In the paper, an explicit finite element method for dynamic response analysis with fluid-
saturated porous media has been developed. The comparing dynamic response analyses of a rigid
foundation between the fluid-saturated porous media and elastic single-phase media are given.
The results show that while incident load frequency is high (close 10 Hz), to analyze dynamic
response of saturated cohesionless soil, using the fluid-saturated porous media model is more
practical. It also shows that computational effort and memory requirement can be reduced
considerably by using the method developed in the paper.
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